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Abstract 

This experiment aimed to study the variation of modulus of rigidity, internal friction and Young’s 

modulus with temperature. Phenomenon such as the atomic structure of solids and the thermal 

behaviour of solids were introduced by this experiment. Torsional oscillations are sent into a thin 

metallic rod (aluminium, brass or steel) clamped at one end and loaded at the other. The frequency 

response of these oscillations are studied in detail between temperatures of 303K-427K to find the 

modulus of rigidity, internal friction and Young’s modulus of each rod. The modulus of rigidity was 

found to decrease with an increase of temperature. The internal friction tended to increase with an 

increase in temperature. The Young’s modulus decreased as temperature increased. The elastic 

constants of each rod were also found in table 2. The values for Young’s modulus at room 

temperature were also compared to theory in table 3.   

Keywords: Modulus of rigidity; internal friction; Young’s modulus; aluminium; brass; steel. 

1 Introduction 

Searle’s apparatus is commonly used to measure rigidity. It is a versatile setup and can be used for 

textiles using specimens under standard tensions [1]. Searle’s apparatus uses a weight to provide 

tension to a wire hence, by measuring the period of oscillations: Young’s modulus and the modulus 

of rigidity can be determined [2]. Young’s modulus can also be measured by using a mechanical 

oscillator in the form of a metallic rod with an eddy current driver and a simple crystal transducer 

which picks up the oscillations [3]. Modulus of rigidity can also be determined by measuring the 

angular displacement of a cylindrical shaft under an applied torque and then using the mechanics of 

materials to determine the modulus of rigidity [4].   

This experiment aims to introduce the concept of microscopic causes of energy dissipation through 

the study of solids and their mechanical and thermal behaviours. This experiment aims to study the 

variation of the modulus of rigidity of rods of brass, steel and aluminium with temperature. The 

internal friction of each rod will also be analysed as a function of temperature. For a range of 

temperatures between 303 – 473 K the amplitude of the oscillation will be measured against the 

frequency of the applied torque.  

2 Theory 

A specimen rod is connected to an auxiliary body which undergoes oscillations from an external 

oscillatory torque [5]. The equation of motion for this system can be written as: 

                                                                 𝐼
𝑑2𝜃

𝑑𝑡2
+ 𝛾

𝑑𝜃

𝑑𝑡
+ 𝐶𝜃 = 𝑇0𝑒

𝑖𝑤0𝑡                                                           (1) 

where I is the moment of inertia of the system, γ is the damping coefficient and C is the torsion 

constant of the system. 𝑇0 and 𝑤0 are both constants [6].  

In our system the specimen rod is considerably small relative to the auxiliary body. Hence, it is 

assumed that the inertia provided by the rod is negligible. Inertia provided by the auxiliary body is: 

                                                                               𝐼 = 𝑚𝐿2                                                                                    (2) 

Where m is the mass of the auxiliary body and L is the distance from the axis of rotation which in our 

case is the radius of the axillary body as the axis of rotation is through the middle of the rod and 

auxiliary body [7].   



 

Similarly, the restoring torque is mainly provided by the rod. Thus, it can be derived that solving for 

the torsion constant we find that [8]: 

                                                                              𝐶 =
𝐺𝜋𝑟4

2𝐿
                                                                                  (3) 

where G is the modulus of rigidity, r is the radius of the specimen rod and L is the length of the 

specimen rod. 

For the steady state solution of equation 1 as on the right-hand side the force is in its complex form 

the solution is given by [9]: 

                                                                              𝜃 = 𝜃0𝑒
𝑖(𝑤𝑡−𝛿)                                                                         (4) 

This can be substituted into equation 1 so θ0 can be written in terms of the initial parameters 

dictated by equation 1. This is completed in [10] which gives us: 

                                                                θ0 =

𝑇0
𝐶

√(1 −
𝐼𝑤2

𝐶
)
2

+
𝑤2𝛾2

𝐶2

                                                              (5) 

In the low damping case, θ0, will be maximum when the denominator is minimised which leads to 

the resonant (natural) frequency of the undamped oscillation [11] due to: 

                                                  (1 −
𝐼𝑤2

𝐶
) = 0

𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑓𝑜𝑟  𝑤 𝑔𝑖𝑣𝑒𝑠
⇒                𝑤 = √

𝐶

𝐼
= 𝑤0                                                 (6) 

Substituting C into equation 3 and solving for the modulus of rigidity, G, gives and equation for 

modulus of rigidity in terms of resonant frequency and parameters of the auxiliary body and rod 

expressed by: 

                                                                        𝐺 =
2𝐿𝐼(2𝜋𝑤0

2)

𝜋𝑟4
                                                                         (7) 

where r is the radius of the specimen rod, L is the length of the specimen rod, 𝑤0 is the resonant 

frequency in Hz and 𝐼 is the moment of inertia of the auxiliary body.  

Using the full width of the resonance at half the maximum amplitude in equation 5 gives: 

                                                                             𝛥𝜔 =
√3 𝛾𝑤0

2

𝐶
                                                                         (8) 

Thus, the internal friction of the specimen rod is given by: 

                                                                          𝑄−1 =
𝛾𝑤0
𝐶
=
𝛥𝜔

√3𝑤0
                                                                   (9) 

Hence, internal friction is expressed in terms of the resonant frequency and the full width of the 

response curve at half the maximum amplitude.  

 

 



 

The temperature dependence of the elastic constants can be rigorously studied for simple cubic at 

high temperatures [12]. For the modulus of rigidity however the relation is: 

                                                                   𝐺(𝑇) = 𝐺0(1 −  𝐷 𝜀)̅                                                                     (10) 

where 𝜀  ̅is the mean energy per oscillator, 𝐺0 is a free parameter and D is a parameter that depends 

on the type of the crystal or the model used [5][13].  

Assuming an Einstein model for the solid it can be derived that the mean energy per oscillator can be 

written as a function of absolute temperature [14]: 

                                                                   𝜀 ̅ =
1

2
ℎ𝑣 +

ℎ𝑣

𝑒
(
ℎ𝑣
𝑘𝑇
)
 −  1

                                                                   (11) 

where h is Planck’s constant, v is the frequency, k is the Boltzmann constant and T is the absolute 

temperature [15]. Using equation 11 in equation 10 it can be derived that the following equation 

holds: 

                                                           𝐺(𝑇) = 𝐺0  − (
𝑠

𝑒
(
𝑡
𝑇
)
 −  1

)                                                                 (12) 

In this s, t and 𝐺0 are free parameters which is determined by the experimental data. Equation 10 

gives only the lattice contribution to temperature dependence of the modulus of rigidity [5]. 

Meanwhile, equation 12 represents the entire temperature dependence meaning that both the 

lattice and the electronic contributions are accounted for [5]. Later, equation 12 is used to fit 

theoretical predictions of the variation of the modulus of rigidity and temperature.  

In a simpler manner Young’s modulus can be calculated using the resonant frequency of the rods. 

From the study of the propagation of sound waves within rods Young’s modulus or the tensile elastic 

modulus is defined by the ratio of the equation below [16]. 

                                                                              𝑣 = √
𝑌

𝜌
                                                                                   (13) 

where Y is the Young’s modulus of the rod, v is the speed of the torsional oscillations and 𝜌 is the 

density of the rod. The speed of the torsional oscillation can be calculated assuming it behaves like a 

wave. This utilises a wave’s velocity to be written as v=fλ and where the wavelength of the wave 

corresponds to half the length of the rod [17]. Hence, the following equation can be derived using 

equation 13 and hence Young’s modulus can be calculated for the rod.  

                                                                        𝑌 =  𝜌(2𝐿𝑤0)
2                                                                           (14) 

where L is the length of the rod and 𝑤0 is the resonant frequency of the rod when that torsional 

oscillation is applied.  

3 Apparatus and Experimental Procedure 

3.1 Apparatus Setup  

Figure 1 shows the experimental setup where each rod was vertically suspended by clamping the 

upper end. The auxiliary body and magnet was attached to the free end of the rod. The rod went 

through a heating coil which controlled the temperature of the rod. A small concave mirror was put 

on the auxiliary body. The auxiliary body isolated the magnet from the heater coil and also controls 



 

the resonant frequency of the system. There was also a Helmholtz coil acting perpendicularly to the 

magnet attached to the auxiliary body. The Helmholtz coil applied the external torque which allows 

oscillations to occur. Laser light was produced towards the mirror which bounces the light towards a 

position sensing detector. This measured the amplitude of the oscillation. 

 

Figure 1 – Configuration of the experiment. The laser light is positioned such that the laser light reflects off the 

mirror attached to the auxiliary body and then hits the centre of the position sensing detector.  

3.2 Experiment Procedure 

Voltages were sent into the Helmholtz coil by a National Instruments USB-6008 which produced 

torsional oscillations on the rod and auxiliary body. These oscillations had corresponding 

frequencies. An input voltage of 0.1V was sent into the rod and then the corresponding frequency 

was read of the oscilloscope. The voltage was then increased by an increment of 0.1V and the 

measurement was recorded. This was done up to 5V. Hence, the relationship between input voltage 

and the corresponding frequency was defined.   

Then, the input voltage was varied for a specific temperature while the amplitude voltages were 

received from the NI USB-6008 for each input frequency. 10 output voltages were taken and then 

the mean of these numbers was taken as the amplitude. The input voltage was increased by 0.1V 

between 0V and 5V. After this was plotted, the graph was visually inspected to see a more 

appropriate smaller range of voltages around the peak of the plot. Then the input voltages were 

taken between this smaller range in increments were set to 0.001V which took more amplitudes and 

produced a more accurately shaped plot, without taking too long. Hence, the resonant frequency, 

which was the frequency at which the peak was at, could be calculated assuming a Lorentzian fit to 

each frequency response curve. Data were collected for temperatures of 303, 333, 363, 393, 423, 

448 and 473 K. This was repeated for rods of aluminium, brass and steel. 

3.3 Precautions Taken During the Experiment 

Precautions had to be taken for this experiment. The heater generator was not set above 473K as 

the heater was not allowed to be operated above this. While applying heat to the rod the heater coil 



 

will get very hot so avoiding skin contact with the heater coil is essential. It was ensured that the 

thermocouple (used to measure the temperature of the rod) was inside the heating element, as 

otherwise the heater would not have stopped when the desired temperature was reached. The laser 

light was carefully managed to ensure it was not pointed in the direction of an eye. A board was 

placed between the reflection of the laser light off the position sensing detector and the rest of the 

lab. The Helmholtz coil is not magnetically shielded so magnetic and electrical conducting materials 

should be kept away from it, so it does not apply a distorted voltage to the rod. For the first 

temperature it was ensured that the entire line of light could fit in the position sensing detector. This 

was done by visually looking at the line sensing detector when the resonant frequency of this 

temperature was sent into the system. If the line didn’t fit in the position sensing detector the gain 

was turned down.  

4 Results & Analysis 

4.1 Corresponding Input Voltages with Frequencies 

Voltages were input into the specimen rod and then a corresponding frequency was produced read 
off the oscilloscope. This meant the relationship between the input voltage and corresponding 
frequency could be found. Plotting the data in our code gives us the equation for the line of best fit 
to 2 decimal places where y is the frequency in Hz and x is the input voltage in V:  

                                                                        y = 64.07x + 6.84                                                                  (15)   

 

Figure 2 – Shows the linear positive relationship between the input voltage and the corresponding frequency 

found from the oscilloscope. Each point is plotted with its associated uncertainty. These uncertainties are 

difficult to see as they’re small relative to the axis each is plotted on.   
 

Uncertainties:      

The resolution on the ADC input voltage is limited by the number of bits hence the uncertainty on 

the input voltage is the range divided by 2𝑁 where N is the number of bits. The NI USB 6008 has 12 

bits in differential mode and the range studied is 5V which gives the value for the uncertainty on 

each input voltage to be 0.0012V [18]. The uncertainty on the slope and y-intercept is calculated 

using the covariance matrix found by our code. The uncertainty on the slope is given by the square 

root of the first entry [0,0] of the matrix. This gives a value of 0.015 as the uncertainty on the slope 

of the line. Similarly, taking the square root of the [1,1] element of the matrix the uncertainty of the 

y-intercept is given by 0.042 to 2 significant figures.  Hence, the following propagation of 

uncertainties formula is used: 



 

                                                             (
𝛥𝑦

𝑦
)
2

= (
𝛥𝑚

𝑚
)
2

+ (
𝛥𝑐

𝑐
)
2

+ (
𝛥𝑥

𝑥
)
2

                                                 (16) 

where y is the input voltage, m is the slope of the line of best fit, c is the y-intercept of the line of 

best fit and x is the input voltage. This calculates the uncertainty on each individual measurement of 

the frequency.  

To find the combined uncertainty the uncertainty on each frequency is added together in quadrature 

and divided by n: 

                                                          𝛥y𝑎𝑣𝑔 =
√(𝛥y1)

2 + (𝛥y2)
2+. . . +(𝛥y𝑛)

2

𝑛
                                        (17) 

For our experiment data the value for n is 50. Hence, we find a value for the uncertainty on the 

frequency to be 0.16Hz to 2 significant figures.  

4.2 The Frequency Response Curves for Aluminium, Brass and Steel Rods 

The NI USB 6008 rolls through a range of frequencies finding the amplitudes of each one. This is then 

plotted on a curve then the temperature is changed, and the process is repeated. This leads to the 

response curves shown in figure 3-5.  

 

Figure 3 - Shows the frequency response curves for the aluminium rod at various temperatures. The resonant 

frequency can be seen to be decreasing as the temperature is increased.  

 

Figure 4 - Shows the frequency response curves for the brass rod at various temperatures. The resonant 

frequency can also be seen to be decreasing as the temperature is increased.  



 

 

Figure 5 - Shows the frequency response curves for the steel rod at various temperatures. The resonant 

frequency can also be seen to be decreasing as the temperature is increased.  

 

Uncertainties: 

The uncertainty of the frequency has been calculated before at around 0.16Hz. There is also an 

uncertainty associated with the amplitude found from the position sensing detector (PSD). The 

resolution of the PSD is very good and has proven to be better than one part in one million meaning 

that the uncertainty on it is dictated by external factors [19]. A small uncertainty of 0.05V is taken on 

the amplitude of the oscillations as the temperature around the PSD was different between 

measurements depending on how long the apparatus was in use.  
 

Generally, the response curves follow the same pattern. One potential outlier that’s clear from 

figure 5 is the response curve for 423K. This particular measurement was performed on its own 

hence the position sensing detector could have been positioned slightly differently than the other 

values.    
 

4.3 Lorentzian Function Fitting  
 

To check whether a Lorentzian function was appropriate to fit our data we visually inspected the 

fitted Lorentzian curves that are shown below. The response curve is for the temperature 303K of 

each of the 3 rods of aluminium, brass, and steel.  
 

The experiment points without uncertainties of the response curve are graphed in each (A) figure 

and the experiment points with uncertainties are graphed in each (B) figure. Each figure is plotted 

with a Lorentzian function with the same resonant frequency, the same maximum amplitude, and 

the same bandwidth at half the maximum as that plotted by the experiment values. This is done in 

order to compare the response curve of each material with a Lorentzian function. It can be seen that 

the Lorentzian curve matches the experimental data relatively well. Also, when the uncertainties in 

each (B) figure are plotted the Lorentzian curve is nearly always covered by the uncertainties. Thus, 

meaning that fitting the response curves as Lorentzian functions was an accurate choice.  

 

 



 

              (A)          (B) 

  
Figure 6 - Shows the experimental data from aluminium at a temperature of 303K. The Lorentzian curve is 

plotted using the resonant frequency and the bandwidth at half maximum of our data. (A) conveys the 

experimental points for the frequency response curve for aluminium at 303K. (B) includes the uncertainty on 

both the frequency and amplitude of the oscillation.  
 

              (A)          (B) 

  

Figure 7 - Shows the experimental data from brass at a temperature of 303K. The Lorentzian curve is plotted 

using the resonant frequency and the bandwidth at half maximum of our data. (A) conveys the experimental 

points for the frequency response curve for brass at 303K. (B) includes the uncertainty on both the frequency 

and amplitude of the oscillation.  

              (A)          (B) 

  

Figure 8 - Shows the experimental data from steel at a temperature of 303K. The Lorentzian curve is plotted 

using the resonant frequency and the bandwidth at half maximum of our data. (A) conveys the experimental 

points for the frequency response curve for steel at 303K. (B) includes the uncertainty on both the frequency 

and amplitude of the oscillation.  



 

4.4 Determining the Moment of Inertia 
 

The moment of inertia is needed to find the modulus of rigidity of each rod for equation 7. To find 

the moment of inertia equation 2 is used. The moment of inertia of the system is taken to be just the 

moment of inertia of the auxiliary body as the moment of inertia of the rod is small in comparison to 

that of the auxiliary body. Hence, the mass of the auxiliary body was measured to be 55.01 g and the 

radius of the auxiliary was measured as 0.00475 m. The moment of inertia can hence be calculated 

using equation 2 to be 1.2𝑥10−6kg𝑚2 to 2 significant figures.  

Uncertainties: 

The digital mass scale that was used to measure the mass increases in increments of 0.01g. Hence, 

the instrumentation precision is 0.01g which is taken as the uncertainty on the mass. A vernier 

callipers was used to measure the radius which increases in increments of 0.1mm. The uncertainty 

on this analogue instrumentation is taken as 0.1mm [20]. To calculate the uncertainty on the 

moment of inertia the propagation of errors formula is used on equation 2 which gives: 

                                                               (
𝛥𝐼

𝐼
)
2

= (
𝛥𝑚

𝑚
)
2

+ (2
𝛥𝐿

𝐿
)
2

                                                              (18) 

Rearranging equation 18 gives us an expression for the uncertainty of the moment of inertia which is 

calculated to be 0.05𝑥10−6kg𝑚2 rounded to 1 significant figure. Hence, the moment of inertia of 

the system observed is (1.24 ± 0.05) 𝑥10−6𝑘𝑔𝑚2.  
 

4.5 Calculating the Modulus of Rigidity 
 

The modulus of rigidity is calculated using equation 7 for every temperature of each rod. This is done 

using the resonant frequency which is the frequency at which the graph is at maximum. The length 

and radius of each rod was measured to give the values below. 
 

Material Length [m] Radius [m] 
Aluminium 0.355 0.0015 

Brass 0.358 0.0015 
Steel 0.349 0.0015 

 

Table 1 - Depicts the length of each rod studied. The associated uncertainty on each measurement is displayed 

as well. 

Uncertainties: 

The length of each rod was measured using a ruler. There was an associated uncertainty with this as 

parallax can influence the measurement of a ruler. An uncertainty of 1mm was taken on the values 

for the length of the rod as the ruler used increased in increments of 1mm. Similarly, the associated 

uncertainty with the measurement of the radius using a vernier callipers was related to the 

increments which was 0.1mm. Thus, an uncertainty of 0.1mm was taken on the measurements of 

the radius. As discussed in section 4.1 the uncertainty on each frequency is 0.16Hz.  

To calculate the uncertainty on each modulus of rigidity the uncertainties on the other variables in 

equation 7 is propagated: 



 

                                            (
𝛥𝐺

𝐺
)
2

= (
𝛥𝐼

𝐼
)
2

+ (
𝛥𝐿

𝐿
)
2

+ (2
𝛥𝑤0
𝑤0
)
2

+ (4
𝛥𝑟

𝑟
)
2

                                          (19) 

There is also an associated uncertainty on the temperature. The heat controller used had increments 

of 1K hence this is used as the uncertainty on the temperature.  
 

Metal 𝐆𝟎 [𝐍𝐦
−𝟐] Δ𝐆𝟎 [𝐍𝐦

−𝟐] s [𝐍𝐦−𝟐] Δs [𝐍𝐦−𝟐] t [K] Δt [K] 

Brass 7.00x1010 0.03x1010 4.92x1010 3.87x1010 1484 398 

Aluminium 6.36x1010 0.03x1010 4.92 x1010 3.02 x1010 1405 311 

Steel 1.51x1011 0.01x1011 5.91x1010 3.72 x1010 1009 316 

Aluminium by 
Varshni [14] 

6.19x1010 - 2.00x1010 - 293.6 - 

Longitudinal 
Waves on 
Steel by 

Ledbetter [26]  

2.654x1011 - 1.036 x1010 - 221.9 - 

Transverse 
Waves on 
Steel by 

Ledbetter [26] 

0.7047x1011 - 0.05959x1011 - 264.4 - 

Table 2 - Shows the values of the parameters 𝐺0, s and t. The uncertainty on each value has been calculated 

using the covariance matrix in the analysis code shown in the appendix. Also shows the experimental values 

found from different sources [14] and [26]. Neither mention any estimation on the specific uncertainties on the 

elastic parameters.   

  

Figure 9 - Displays the variation of the modulus of rigidity of aluminium (bottom), brass (middle) and steel (top) 

with temperature. Each calculated experiment values are represented by the circles with its associated 

uncertainty. The continuous curves represent the theoretical behaviour based on equation 12 where the 

parameters 𝐺0, s and t have been found in our code.  



 

  

Figure 10 - Shows the modulus of rigidity varying with temperature with the brass and aluminium rods. Again, 

the continuous curves are the theoretical behaviour based off equation 12 while the circles represent the 

calculated experiment values. The smaller scale of this plot allows the details of the variation to be seen more 

closely.  

It can be seen that steel has the highest modulus of rigidity over all temperatures. Brass has the next 

largest modulus of rigidity over every temperature and then aluminium has the lowest modulus of 

rigidity over all observed temperatures.  

4.6 Determination of the Internal Friction  

The internal friction of each rod at each specific temperature is calculated using equation 9. The 

resonant frequency is used along with the bandwidth at half the maximum amplitude to calculate 

this.  

Uncertainties: 

There is an uncertainty associated with each resonant frequency which has been previously 

calculated in section 4.1. There is also an uncertainty associated with each measurement of the 

bandwidth at half maximum. There is an uncertainty on the frequency measurement on each value 

of the bandwidth. Both of these have an individual uncertainty of 0.16Hz. These are added in 

quadrature to find the uncertainty on the bandwidth to be 0.05Hz.  

                                                          (
𝛥𝐼𝐹

𝐼𝐹
)
2

= (
𝛥𝑤0
𝑤0
)
2

+ (
𝛥𝑤

𝑤
)
2

                                                       (20) 

where IF is the internal friction, 𝑤0 is the resonant frequency and w is the bandwidth at half the 

maximum amplitude.  



 

 

Figure 11 - Shows the internal friction varying with temperature for the three rods. The respective uncertainties 

on each value of the internal friction and the temperature of the rod is also shown.  

Aluminium has the highest internal friction over every temperature. Then brass is the next largest. 

However, the values for aluminium and brass have overlapping uncertainties. Steel has the lowest 

internal friction. The aluminium rod seems to experience a small peak around 350K. In both the 

aluminium and brass rods, it’s evident that the internal friction generally seems to be increasing as 

temperature rises. The steel rod is more ambiguous in that there doesn’t seem to be a clear pattern 

to the variation.  

4.7 Young’s modulus for Each Rod  

As an extension to our experiment, we can calculate the young’s modulus of each temperature. This 

will allow us to study the variation of Young’s modulus with temperature. This can be done using 

equation 14.  

The density of aluminium is taken to be (2710 ± 10) kg/𝑚3 [21]. The density of brass is taken to be 

(8550 ± 150) kg/𝑚3[22]. The density of steel can be taken to be (7780 ± 150) kg/𝑚3[23]. Hence, 

values for Young’s modulus for each rod can be calculated using the resonant frequency and length 

of each rod. Values for the Young’s modulus of each rod at 303K are shown below. 

Material Young’s Modulus [𝐍𝐦−𝟐] Uncertainty on Young’s 

Modulus [𝐍𝐦−𝟐] 

Steel 2.1 x1011 0.1 x1011 

Brass 1.1 x1011 0.1 x1011 

Aluminium 7.5 x1010 0.5 x1010 
Table 3 - shows the values calculated for Young’s modulus at 303K for each of the three rods. The uncertainty 

on each value for Young’s Modulus has also been calculated.   

Uncertainties: 

The uncertainty associated with each resonant frequency is 0.16Hz which was calculated in section 

4.1. In section 4.5 an uncertainty of 1mm was taken on the values for the length of the rod as the 

ruler used increased in increments of 1mm. Hence the propagation of errors leads to the following 

equation. 

                                                                (
𝛥𝑌

𝑌
)
2

= (2
𝛥𝑤0
𝑤0
)
2

+ (2
𝛥𝐿

𝐿
)
2

                                                        (21) 



 

 

Figure 12 - Shows the Young’s modulus varying with temperature for the three rods. The respective 

uncertainties on each value of Youngs and the temperature of the rod is also shown. The curves are drawn on 

the same scale for the purpose of comparison.  

                                                  A                                                                                        B 

  
      C 

 

Figure 13 - Shows the Young’s modulus varying with temperature for the three rods. (A) Shows the aluminium 

rod with its respective uncertainties. (B) Shows the brass rod with its associated uncertainties. (C) Shows the 

steel rod and its respective uncertainties. These are drawn on a smaller scale to emphasise the relationship 

between Young’s modulus and the temperature of the rod.  

It can be seen from figure 13 (A), (B) and (C) that for all three rods the Young’s modulus decreases 

with rises in temperature.  



 

5 Discussion  

5.1 Comparison of Results with Theory 

Generally, we observed that the modulus of rigidity decreased when temperature was increased 

which is in agreement with theoretical prediction of the properties of modulus of rigidity observed 

using a torsional oscillation of a wire with a weight attached [24]. The relative size of the modulus of 

rigidity for each of the rods is in agreement with those given by using the anticlastic plate-bending 

method [25].  

We are not aware of any other work that finds the elastic parameters from Varshni’s equation for 

brass. There have been studies for both copper and zinc which are combined to give the alloy brass 

[27][28]. The elastic constants 𝐺0 and s for aluminium are in good agreement with those given by 

Varshni [14]. However, the elastic constant t is not in agreement with Varshni’s theoretical 

calculation. Ledbetter and Read found the elastic constants of annealed 300-grade maraging steel 

using two different methods one that uses longitudinal waves and one that uses transverse waves 

[26]. Our value for the steel elastic parameters 𝐺0 and s lies between the different sets of values 

calculated by Ledbetter and Read. However, the value for t doesn’t agree with the values proposed 

by Ledbetter and Read.  

The internal friction for brass seems to increase at a similar rate as that calculated using a beta-brass 

single crystal [29]. The beta-brass single crystal experiment observed a peak of internal friction at 

588K. This was something we were unable to verify due to the temperature limit of the heat 

controller in use. There is a minimum in internal friction observed around 350K for the aluminium 

rod. This agrees with an experiment to study the internal friction of some aluminium alloys using 

high strength and high electrical conductivity [30]. The internal friction of the steel rod is of the same 

order as theoretical predictions calculated by deep cryogenic treatment on microstructure and 

evaluation by internal friction [31]. There were no definitive peaks observed for our experimental 

data on this range. A large peak is expected to occur around 600K (SKK peak) as a result of the 

composition of the specimen [32]. A smaller peak (Snoek peak) is also expected around 360K, 

however a peak is not observed in our experimental data [32].  

Generally, from our experiment data Young’s modulus can be seen to be decreasing as the 

temperature rises shown in figure 13. This is in agreement with theoretical predictions using a 

variety of different metals and engineering alloys [33]. Our value of (1.1 ± 0.1) x1011𝑁𝑚−2 for the 

Young’s modulus of brass at a temperature of 303K is in agreement with values found from using a 

composite piezoelectric oscillator on beta-brass crystals [34]. The Young’s modulus at 303K found for 

aluminium was (7.5 ± 0.5) x1010𝑁𝑚−2. The accepted value for the Young’s modulus of aluminium is 

approximately 7 x1010𝑁𝑚−2 which falls within the interval of the values we found from our 

experiment data [35]. We calculated Young’s modulus of steel at 303K to be (2.1 ± 0.1) x1011𝑁𝑚−2. 

The value for Young’s modulus is calculated to be 2.02x1011𝑁𝑚−2 using mechanical spectroscopy 

and nanoindentation which falls within the interval found by our experiment [36]. 

5.2 Reasoning Behind Discrepancies with Theoretical Predictions  

Two main differences between our experiment data and theoretical predictions were the elastic 

constant t and also the failure to observe the Snoek peak for the internal friction of steel. 

Our measurement of the elastic constant, t, for steel and aluminium were not in agreement with 

other experimental values  [14] [26]. Mathematically the value of t in equation 12 corresponds to 

how flat the exponential function is. Variability in the temperature was limited to between 303K-



 

473K due to the heat controller being used. Hence, the flatness of the curve was dictated by seven 

points closely spaced together. Thus, there is a high level of inaccuracy on the flatness of the curve 

as initial points may lead to the wrong value for t rather than incorrect values for 𝐺0 and s. This 

could be improved by studying higher temperatures of the rods with a better heater controller.  

For the internal friction of steel, the Snoek peak was not evident in the data produced from our 

experiment. This peak can be calculated to be around 360K by using stress induced α’ martensite 

phased steel [37]. Using low frequency, internal friction measurements can be carried out by the 

free decay method which show the small amplitude of the Snoek peak for steel [38]. Hence, due to 

the uncertainties on each internal friction calculated it is possible that this small peak is within our 

uncertainties. However, to verify our values for the internal friction for steal extending the 

experiment to beyond 600K would give the opportunity to observe the larger SKK peak. This peak 

has been calculated to be around 580K found from deep cryogenic treated M2 high-speed steel [39].  

6 Conclusion  

This experiment observed the variation of the modulus of rigidity with temperature for rods made of 

aluminium, brass and steel. The internal friction and Young’s modulus was also studied as a function 

of the temperature of each rod.  

In summary, the elastic constant (from Varshni’s equation 12) of each rod were calculated shown in 

table 2. These were generally in agreement with other calculations using different methods [14] 

[26]. The elastic constant t was generally not in agreement with the other calculations. To improve 

this, it is proposed to take higher temperature measurements as outlined in section 5.2.  

A minimum in internal friction for the steel rod is observed that matches theoretical predictions [30]. 

The Snoek peak was not observed around 360K for steel which was where it is expected to be from 

other experiment methods [37] [38]. This could be improved by checking if the larger peak at 600K 

matches the theoretical prediction [39]. From this, I learned that the internal friction of metals need 

to be aided with detailed knowledge of the composition of the metal to understand the reasoning 

for different peaks. 

The values and associated uncertainties for Young’s modulus for aluminium, brass and steel were 

calculated and shown in table 3. Other experimental values fall within the uncertainty interval for 

each of our calculated Young’s modulus [34] [35] [36]. Hence, we can verify our experimental 

technique for calculating Young’s modulus for metal rods.  
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8 Appendix 

8.1 Raw Data 

Voltage 
Input [V] 

Frequency 
[Hz] 

Voltage 
Input [V] 

Frequency 
[Hz] 

Voltage 
Input [V] 

Frequency 
[Hz] 

Voltage 
Input [V] 

Frequency 
[Hz] 

0.1 6.93 1.4 90.19 2.7 173.43 4.0 256.76 

0.2 13.32 1.5 96.65 2.8 179.81 4.1 263.17 

0.3 19.76 1.6 102.99 2.9 186.29 4.2 269.61 

0.4 26.22 1.7 109.34 3.0 192.72 4.3 275.94 

0.5 32.56 1.8 115.64 3.1 199.11 4.4 282.36 

0.6 38.97 1.9 121.98 3.2 205.51 4.5 288.74 

0.7 45.32 2.0 128.41 3.3 211.87 4.6 295.21 

0.8 51.68 2.1 134.87 3.4 218.21 4.7 301.62 

0.9 58.01 2.2 134.87 3.5 224.68 4.8 308.07 

1.0 64.41 2.3 147.74 3.6 231.04 4.9 314.47 

1.1 70.89 2.4 154.13 3.7 237.38 5.0 321.03 

1.2 77.37 2.5 160.61 3.8 243.73   

1.3 83.81 2.6 167.01 3.9 250.18   

Table 4 - Conveys the raw data of each measurement of frequency on the oscilloscope after the input 

voltage was sent into the system.  

 

Aluminium Brass Steel 

Temperature 
[K] 

Resonant 
Freq [Hz] 

Temperature 
[K] 

Resonant 
Freq [Hz] 

Temperature 
[K] 

Resonant 
Freq [Hz] 

303 169.9 303 177.7 303 262.6 

333 169.2 333 177.4 333 262.3 

363 169.1 363 177.1 363 261.4 

393 168.6 393 176.7 393 260.5 

423 168.1 423 176.2 423 259.0 

448 167.6 448 175.7 448 258.5 

473 166.9 473 175.3 473 257.8 
Table 5 - Shows the resonant frequency (rounded to 1 decimal place) for each temperature for each of the three 

rods. The resonant frequency is the frequency at which the amplitude of the frequency response curves are at 

its maximum.  

Aluminium Brass Steel 

Temperature 
[K] 

Bandwidth at 
half maximum 
amplitude[Hz] 

Temperature 
[K] 

Bandwidth at 
half maximum 
amplitude[Hz] 

Temperature 
[K] 

Bandwidth at 
half maximum 
amplitude[Hz] 

303 0.850 303 0.838 303 1.105 

333 0.825 333 0.840 333 1.084 

363 0.818 363 0.844 363 1.063 

393 0.817 393 0.851 393 1.061 

423 0.824 423 0.844 423 1.028 

448 0.824 448 0.847 448 1.056 

473 0.826 473 0.848 473 1.055 
Table 6 – Shows the bandwidth of the response curve at half maximum amplitude for each temperature of the 

three rods. Each figure is rounded to 3 decimal places. These values are used in the calculation of internal 

friction. 



 

 

Material Temperature [K] Modulus of Rigidity 

[𝒙𝟏𝟎𝟏𝟎𝐍𝐦−𝟐] 

Uncertainty on 
Modulus of Rigidity 

[𝒙𝟏𝟎𝟏𝟎𝐍𝐦−𝟐] 

Aluminium 303 6.314 0.315 

 333 6.294 0.314 

 363 6.259 0.313 

 393 6.222 0.311 

 423 6.179 0.309 

 448 6.143 0.307 

 473 6.098 0.305 

    

Brass 303 6.966 0.348 

 333 6.946 0.347 

 363 6.921 0.346 

 393 6.888 0.344 

 423 6.853 0.342 

 448 6.815 0.340 

 473 6.782 0.339 

    

Steel 303 14.825 0.740 

 333 14.789 0.739 

 363 14.688 0.733 

 393 14.589 0.729 

 423 14.419 0.720 

 448 14.369 0.718 

 473 14.291 0.714 
Table 7 – Shows the modulus of rigidity for each temperature of the three rods. Also shows the uncertainty on 

each value of the modulus of rigidity. Each figure is rounded to 3 decimal places. These are used in graphing the 

modulus of rigidity against the temperature of each rod to study its relationship.   

 

Material Temperature [K] Internal Friction 

[𝒙𝟏𝟎−𝟑] 

Uncertainty on 
Internal Friction 

[𝒙𝟏𝟎−𝟑𝐍] 

Aluminium 303 2.887 0.170 

 333 2.807 0.170 

 363 2.793 0.171 

 393 2.800 0.171 

 423 2.830 0.172 

 448 2.840 0.172 

 473 2.855 0.173 

    

Brass 303 2.721 0.162 

 333 2.733 0.163 

 363 2.751 0.163 

 393 2.779 0.163 

 423 2.765 0.164 

 448 2.781 0.164 

 473 2.791 0.165 



 

    

Steel 303 2.430 0.110 

 333 2.385 0.110 

 363 2.349 0.110 

 393 2.351 0.111 

 423 2.292 0.111 

 448 2.360 0.112 

 473 2.363 0.112 
Table 8 – Shows the internal friction for each temperature of the three rods. Also shows the uncertainty on each 

value of the internal friction. Each figure is rounded to 3 decimal places. These are used in graphing the internal 

friction against the temperature of each rod to study its relationship.   

 

Material Temperature [K] Young’s Modulus 

[𝒙𝟏𝟎𝟏𝟏𝐍𝐦−𝟐] 

Uncertainty on 
Young’s Modulus 

[𝒙𝟏𝟎𝟏𝟏𝐍𝐦−𝟐] 

Aluminium 303 0.747 0.045 

 333 0.745 0.045 

 363 0.741 0.045 

 393 0.736 0.045 

 423 0.731 0.044 

 448 0.727 0.044 

 473 0.722 0.044 

    

Brass 303 1.093 0.064 

 333 1.090 0.064 

 363 1.086 0.064 

 393 1.081 0.063 

 423 1.075 0.063 

 448 1.069 0.063 

 473 1.064 0.062 

    

Steel 303 2.090 0.126 

 333 2.085 0.126 

 363 2.070 0.125 

 393 2.057 0.124 

 423 2.033 0.123 

 448 2.026 0.122 

 473 2.014 0.122 
Table 9 – Shows the Young’s modulus  for each temperature of the three rods. Also shows the uncertainty on 

each value of the Young’s modulus. Each figure is rounded to 3 decimal places. These are used in graphing the 

Young’s modulus against the temperature of each rod to study its relationship.   

 

 

 

 

 

 

 

 



 

8.2 Data Acquisition Python Code 

 

8.3 Experiment Data Analysis Python Code  

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 

 



 

 

 



 

 

 

 



 

 

 

 



 

 

 

 

 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

 

 

 

 


